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Abstract: Titanium dioxide (TiO2) is a nanomaterial widely used in various applications, including 

cosmetics and food additives. Due to its prevalent presence in everyday products, especially in 

nanoscale form, safety concerns have been raised. Topological indices, which mathematically represent 

molecular structures, and Shannon entropy, a measure of information content, have become powerful 

tools for analyzing the structural characteristics of these nanomaterials. In this study, we calculate the 

Nirmala index, along with the first and second inverse Nirmala indices, for titanium dioxide (TiO2) 

using its M-polynomial. The comparison of these indices and their corresponding entropy measures is 

demonstrated using numerical computation and 2D line plots. Also, a logarithmic regression model is 

constructed to explore the relationship between the Nirmala indices and their corresponding entropy 

measures. These findings may provide valuable insights for future advancements in the use of titanium 

dioxide (TiO2) as a food additive or sunscreen compound. 

Keywords: Nirmala index; first inverse Nirmala index; second inverse Nirmala index; graph entropy; 

titanium dioxide TiO2. 
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1. Introduction 

Titanium dioxide (TiO2), also known as titania or titanium (IV) oxide, is a versatile 

material with a wide range of real-world and prospective uses. Known by many as “titanium 

white”, this fine white powder is mainly employed as a pigment due to its strength, opacifying 

ability, and hiding power. TiO2 has a high refractive index, which allows it to scatter and absorb 

UV light and be chemically and thermally stable. Because of these qualities, titanium dioxide 

is a necessary component in the production of plastics, paints, and surface coatings. Three 

different crystal polymorphs of titanium dioxide exist: rutile, brookite, and anatase.  

Since both rutile and anatase change into rutile at temperatures above 800°C, rutile is 

the most thermally stable. Due to differences in their band gaps within the TiO2 electron 

structures, the photoactive characteristics of TiO2 are present in all of its crystal forms. The 

global production of titanium dioxide worldwide is continuously rising [1]. Titanium dioxide 

is widely used as an additive in paints, plastics, personal care products (such as cosmetics and 
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sunscreens), and food (as the additive E171) [2,3]. Due to their significantly reduced particle 

size, which imparts unique properties compared to macro or microparticles, titanium(IV) oxide 

nanoparticles have garnered considerable interest from research groups [4]. In the medical 

sciences, TiO2 has been investigated as an effective drug carrier (e.g., TiO2 nanotubes) [5] and 

for skin tissue engineering and wound dressings [6-8]. Nanoscale TiO2 particles also exhibit 

notable photocatalytic properties, including the ability to mediate the photodegradation of 

pharmaceuticals, inactivate bacteria, exert a photooxidative killing effect on cancer cells, and 

assist in energy storage, as well as air and water purification [9]. Today, TiO2 nanoparticles are 

among the most widely produced nanomaterials globally [10]. 

Recently, the European Food Safety Authority (EFSA) raised concerns about the safety 

of titanium dioxide (E171) in food products containing nano- and microparticles, citing 

potential genotoxicity. However, opinions on its safety remain divided. To address these 

concerns, a thorough assessment of titanium dioxide’s genotoxic potential was conducted 

based on a comprehensive review of 192 datasets covering relevant endpoints and test systems. 

Only 34 datasets were deemed reliable and of high quality for evaluating genotoxicity. Among 

these, 10 datasets reported positive findings, indicating genotoxic effects such as DNA strand 

breakage and chromosome damage. Notably, these effects were associated with conditions of 

high cytotoxicity, oxidative stress, inflammation, apoptosis, necrosis, or their combinations. 

The assessment suggests that the observed genotoxic effects of titanium dioxide, including 

nanoparticles, are likely secondary to physiological stress rather than direct mutagenicity. 

Importantly, the in vitro and in vivo gene mutation studies that were looked at did not yield 

any positive results. However, stronger studies would be needed to reach a firm conclusion on 

mutagenicity [11]. The various applications of titanium dioxide nanoparticles are discussed in 

[12,13]. 

1.1. Literature review for titanium dioxide. 

The network construction and module detection for the molecular graph of titanium 

dioxide are studied in [13]. Latha et al. [14] and Zhu et al. [15] showed that titanium dioxide 

nanotubes can stop HMGB1. This cytokine plays a role in how cells respond to infection, 

injury, and inflammation. TiO2 nanoparticles cause brain damage and oxidative stress, a 

difference between free radicals and antioxidants in humans [16,17]. It also initiated apoptosis, 

a group of distinct protease pathways that kill cells in specific ways [18,19]. Even in very small 

amounts, these particles had these effects [20,21]. The oxide titanium dioxide is stable 

chemically and is safe for the environment. It comes in different crystal forms, including rutile, 

brookite, anatase, baddeleyite, columbite, TiO2(B), ramsdellite, hollandite-like, TiO2-OI, TiO2-

OII, and fluorite, such as the cubic phase [22,23]. Of these stages, rutile, brookite, and anatase 

are all found in nature. Brookite and anatase are less stable than rutile. Brookite and anatase 

are metastable and change into rutile when heated [24]. The lattice values for rutile are a = 

0.459 nm, b = 0.459 nm, and c = 0.296 nm. It has a tetragonal crystal structure [25]. The entropy 

value for rutile is 50.35 JK-1 mol-1
, and the enthalpy for rutile is 8.635 KJmol-1 [26].  

In this article, we calculate the Nirmala index and the first and second inverse Nirmala 

indices for titanium dioxide (TiO2) using its M-polynomial. The corresponding entropy 

measures are found using Shannon’s method. Also, a logarithmic regression model is 

constructed to explore the relationship between the Nirmala indices and their corresponding 

entropy measures. 
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1.2. Chemical graph theory and discussion of the topic. 

A numerical parameter, a topological index, is used to represent a compound's 

molecular structure by analyzing its graph-theoretical properties. In the context of quantitative 

structure-activity relationship (QSAR) and quantitative structure-property relationship (QSPR) 

studies, topological indices serve as predictive tools for the physicochemical properties of 

chemical compounds. Graph entropies have evolved into information-theoretic instruments for 

exploring the structural information of molecular graphs. 

Let 𝑉(𝐺) and 𝐸(𝐺) denote the vertex set and edge set of the molecular graph 𝐺, 

respectively. The total number of edges incident to a vertex 𝑣 ∈ 𝑉(𝐺) is its 𝑑𝑒𝑔𝑟𝑒𝑒, denoted 

by 𝑑𝐺(𝑣). For an edge 𝑒 = 𝑢𝑣 of the graph 𝐺, 𝑢, and 𝑣 are the end vertices of the edge 𝑒. The 

topological index [27] based on degrees of a graph 𝐺 given its edge set 𝐸(𝐺) is given by  

𝐼(𝐺) = ∑𝑢𝑣∈𝐸(𝐺) 𝜒(𝑑𝐺(𝑢), 𝑑𝐺(𝑣))          (1) 

𝜒(𝑥, 𝑦) is a non-negative and symmetric function that depends on the mathematical 

formulation of the topological index. 

As studied in the literature, many topological indices have shown benefits in many 

fields, including computer science, physics, biology, chemistry, and drug development. The 

first and most studied topological index, the Wiener index, was developed by H. Wiener in 

1947. One important application for it [28] is paraffin boiling temperature projection. Another 

well-known degree-based topological statistic was developed by Milan Randić in 1975 and is 

sometimes called the Randić index. Its importance in the development of drugs is studied [29]. 

To improve the prediction ability of degree-based topological indices, several attempts have 

been made to supplement them with new indices. 

A unique degree-based topological index of a molecular graph 𝐺, known as the Nirmala 

index 𝑁(𝐺), was recently introduced by Kulli [30]. 

𝑁(𝐺) = ∑𝑢𝑣∈𝐸(𝐺) √𝑑𝐺(𝑢) + 𝑑𝐺(𝑣) (2) 

In 2021, Kulli [31] defined the first inverse Nirmala index 𝐼𝑁1(𝐺) and second inverse 

Nirmala index 𝐼𝑁2(𝐺) of a molecular graph 𝐺. 

𝐼𝑁1(𝐺) = ∑𝑢𝑣∈𝐸(𝐺) √
1

𝑑𝐺(𝑢)
+

1

𝑑𝐺(𝑣)
= ∑𝑢𝑣∈𝐸(𝐺) (

1

𝑑𝐺(𝑢)
+

1

𝑑𝐺(𝑣)
)

1

2
 (3) 

𝐼𝑁2(𝐺) = ∑𝑢𝑣∈𝐸(𝐺)
1

√
1

𝑑𝐺(𝑢)
+

1

𝑑𝐺(𝑣)

= ∑𝑢𝑣∈𝐸(𝐺) (
1

𝑑𝐺(𝑢)
+

1

𝑑𝐺(𝑣)
)

−
1

2
 (4) 

Previously, the standard mathematical definition of multiple topological indices was 

used to calculate topological indices. Many efforts have been made to discover a short way to 

recover many topological indices for a given class. In this context, the notion of a general 

polynomial was established, whose derivatives, integrals, or a combination of both can be used 

to determine the values of the required topological indices at a given point. For instance, 

neighborhood-degree-sum-based topological indices are obtained from the NM polynomial 

[32], whereas distance-based topological indices are obtained from the Hosoya polynomial 

[33]. Deutsch and Klažar [34] presented the M-polynomial in 2015 as a method for determining 

the degree-based topological index.  

Definition 1.1 ([34]) The M-polynomial of a graph 𝐺 is defined as  (𝐺; 𝑥, 𝑦) =

∑𝛿≤𝑖≤𝑗≤Δ 𝑚𝑖,𝑗(𝐺)𝑥𝑖𝑦𝑗,  

where 𝛿 = 𝑚𝑖𝑛{𝑑𝐺(𝑢)|𝑢 ∈ 𝑉(𝐺)}, Δ = 𝑚𝑎𝑥{𝑑𝐺(𝑢)|𝑢 ∈ 𝑉(𝐺)} and 𝑚𝑖𝑗 is the number 

of edges 𝑢𝑣 ∈ 𝐸(𝐺) such that 𝑑𝐺(𝑢) = 𝑖, 𝑑𝐺(𝑣) = 𝑗 (𝑖, 𝑗 ≥ 1). 
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The M-polynomial-based derivation formulas to compute the different Nirmala indices 

are listed in Table 1. 

Table 1. Relationship between the M-polynomial and Nirmala indices for a graph 𝐺. 

Sl. No Topological Index 𝝌(𝒙, 𝒚) Derivation from 𝑴(𝑮; 𝒙, 𝒚) 

1 Nirmala index (N) √𝑥 + 𝑦 𝐷𝑥

1
2𝐽(𝑀(𝐺; 𝑥, 𝑦))|𝑥=1 

2 
First inverse Nirmala index 

(𝐼𝑁1) 
√(

𝑥 + 𝑦

𝑥𝑦
) 𝐷𝑥

1
2𝐽𝑆𝑦

1
2𝑆𝑥

1
2(𝑀(𝐺; 𝑥, 𝑦))|𝑥=1 

3 
The second inverse Nirmala 

index (𝐼𝑁2) 
√(

𝑥𝑦

𝑥 + 𝑦
) 𝑆𝑥

1
2𝐽𝐷𝑦

1
2𝐷𝑥

1
2(𝑀(𝐺; 𝑥, 𝑦))|𝑥=1 

Here, 𝐷𝑥

1

2(ℎ(𝑥, 𝑦)) = √𝑥 ⋅
𝜕(ℎ(𝑥,𝑦))

𝜕𝑥
⋅ √ℎ(𝑥, 𝑦); 𝐷𝑦

1

2(ℎ(𝑥, 𝑦)) = √𝑦 ⋅
𝜕(ℎ(𝑥,𝑦))

𝜕𝑦
⋅ √ℎ(𝑥, 𝑦); 

𝑆𝑥

1

2(ℎ(𝑥, 𝑦)) = √∫
𝑥

0

ℎ(𝑡,𝑦)

𝑡
𝑑𝑡 ⋅ √ℎ(𝑥, 𝑦); 𝑆𝑦

1

2(ℎ(𝑥, 𝑦)) = √∫
𝑦

0

ℎ(𝑥,𝑡)

𝑡
𝑑𝑡 ⋅ √ℎ(𝑥, 𝑦);  

And 𝐽(ℎ(𝑥, 𝑦)) = ℎ(𝑥, 𝑥) are the operators. 

Shannon [35] introduced the fundamental concept of entropy in 1948, defining it as a 

measurement of the uncertainty of the information contained in a system, represented by a 

probability distribution. Later, entropy was used to assess the structural information of 

networks, graphs, and chemical structures. In the past few years, graph entropies have gained 

increased utility in several fields, including mathematics, computer science, biology, 

chemistry, sociology, and ecology. There are various forms of graph entropy measurements, 

including extrinsic and intrinsic measures. These measures relate to the probability distribution 

concerning graph invariants, such as edges and vertices. Readers are referred to [36-38] for 

additional details on degree-based graph entropy measures and their applications. 

1.3. Entropy of a graph in terms of vertex degree. 

Let 𝐺 be a simple and connected graph of order 𝑝 and size 𝑞. Then, the graph entropy 

of 𝐺 [35] is defined as follows:  

𝐸𝑁𝑇𝜔(𝐺) = − ∑𝑝
𝑖=1

𝜔(𝑠𝑖)

∑
𝑝
𝑗=1

𝜔(𝑠𝑗)
𝑙𝑜𝑔 (

𝜔(𝑠𝑖)

∑
𝑝
𝑗=1

𝜔(𝑠𝑗)
) (5) 

Here, 𝜔 is a meaningful information function and 𝑠𝑖 ∈ 𝑉(𝐺) for every 𝑖 ∈ [1,2, … , 𝑝]. 

Let 𝜔(𝑠𝑖) = 𝑑Υ(𝑠𝑖). Then equation (5) reduces to: 

        𝐸𝑁𝑇𝜔(𝐺) = − ∑

𝑝

𝑖=1

𝑑𝐺(𝑠𝑖)

∑𝑝
𝑗=1 𝑑𝐺(𝑠𝑗)

𝑙𝑜𝑔 (
𝑑𝐺(𝑠𝑖)

∑𝑝
𝑗=1 𝑑𝐺(𝑠𝑗)

)

= 𝑙𝑜𝑔 (∑

𝑝

𝑗=1

𝑑𝐺(𝑠𝑗)) −
1

∑𝑝
𝑗=1 𝑑𝐺(𝑠𝑗)

∑

𝑝

𝑖=1

𝑑𝐺(𝑠𝑖)𝑙𝑜𝑔(𝑑𝐺(𝑠𝑖)) 

By the fundamental theorem of graph theory, ∑𝑝
𝑖=1 𝑑𝐺(𝑠𝑖) = 2𝑞. Thus, 

𝐸𝑁𝑇𝜔(𝐺) = 𝑙𝑜𝑔(2𝑞) −
1

2𝑞
∑𝑝

𝑖=1 𝑑𝐺(𝑠𝑖)𝑙𝑜𝑔(𝑑𝐺(𝑠𝑖))            (6) 

1.4. Entropy of a graph in terms of edge-weight. 

Chen et al. [39] proposed the concept of the entropy of edge-weighted graphs as 

follows: Consider the edge-weight graph 𝐺 = (𝑉(𝐺), 𝐸(𝐺), 𝜔(𝑠𝑡)), in which 𝐸(𝐺) represents 
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the set of edges, 𝑉(𝐺) represents the set of vertices, and 𝜔(𝑠𝑡) represents the weight of an edge 

𝑠𝑡 ∈ 𝐸(𝐺). Then, given an edge weight, the entropy of a graph is defined as follows: 

𝐸𝑁𝑇𝜔(𝐺) = − ∑

𝑠′𝑡′∈𝐸(𝐺)

𝜔(𝑠′𝑡′)

∑𝑠𝑡∈𝐸(𝐺) 𝜔(𝑠𝑡)
𝑙𝑜𝑔 (

𝜔(𝑠′𝑡′)

∑𝑠𝑡∈𝐸(𝐺) 𝜔(𝑠𝑡)
) 

 = − ∑𝑠′𝑡′∈𝐸(𝐺)
𝜔(𝑠′𝑡′)

∑𝑠𝑡∈𝐸(𝐺) 𝜔(𝑠𝑡)
[𝑙𝑜𝑔(𝜔(𝑠′𝑡′)) − 𝑙𝑜𝑔(∑𝑠𝑡∈𝐸(𝐺) 𝜔(𝑠𝑡))] 

 = 𝑙𝑜𝑔(∑𝑠𝑡∈𝐸(𝐺) 𝜔(𝑠𝑡)) − ∑𝑠′𝑡′∈𝐸(𝐺)
𝜔(𝑠′𝑡′)

∑𝑠𝑡∈𝐸(𝐺) 𝜔(𝑠𝑡)
𝑙𝑜𝑔(𝜔(𝑠′𝑡′)) 

Thus, 𝐸𝑁𝑇𝜔(𝐺) = 𝑙𝑜𝑔(∑𝑠𝑡∈𝐸(𝐺) 𝜔(𝑠𝑡)) −
1

(∑𝑠𝑡∈𝐸(𝐺) 𝜔(𝑠𝑡))
∑𝑠′𝑡′∈𝐸(𝐺) 𝜔(𝑠′𝑡′)𝑙𝑜𝑔(𝜔(𝑠′𝑡′)) (7) 

Virendra Kumar et al. [40] introduced the concept of the Nirmala indices-based 

entropy. To study this, they examined the relevant information function 𝜔 as a function related 

to the equations (2-4) that define the Nirmala indices.  

Nirmala entropy: Let 𝜔(𝑠𝑡) = √𝑑𝐺(𝑠) + 𝑑𝐺(𝑡). Then, from the definition of the 

Nirmala index as given in equation (2), we have 

  ∑𝑠𝑡∈𝐸(𝐺) 𝜔(𝑠𝑡) = ∑𝑠𝑡∈𝐸(𝐺) √𝑑𝐺(𝑠) + 𝑑𝐺(𝑡) = 𝑁(𝐺). Hence, using equation (7), the 

Nirmala entropy of a graph 𝐺 is given by  

𝐸𝑁𝑇𝑁(𝐺) = 𝑙𝑜𝑔(𝑁(𝐺)) −
1

𝑁(𝐺)
∑𝑠𝑡∈𝐸(𝐺) √𝑑𝐺(𝑠) + 𝑑𝐺(𝑡) × 𝑙𝑜𝑔(√𝑑𝐺(𝑠) + 𝑑𝐺(𝑡))

 (8) 

First inverse Nirmala entropy: Let 𝜔(𝑠𝑡) = √
1

𝑑𝐺(𝑠)
+

1

𝑑𝐺(𝑡)
. Then, from the definition 

of the first inverse Nirmala index as given in Equation (3), we have,  

 ∑𝑠𝑡∈𝐸(𝐺) 𝜔(𝑠𝑡) = ∑𝑠𝑡∈𝐸(𝐺) √
1

𝑑𝐺(𝑠)
+

1

𝑑𝐺(𝑡)
= 𝐼𝑁1(𝐺)  

Hence, using equation (7), the first inverse Nirmala entropy of a graph 𝐺 is given by  

𝐸𝑁𝑇𝐼𝑁1
(𝐺) = 𝑙𝑜𝑔(𝐼𝑁1(𝐺)) −

1

𝐼𝑁1(𝐺)
∑𝑠𝑡∈𝐸(𝐺) √

1

𝑑𝐺(𝑠)
+

1

𝑑𝐺(𝑡)
× 𝑙𝑜𝑔 (√

1

𝑑𝐺(𝑠)
+

1

𝑑𝐺(𝑡)
)

 (9) 

Second inverse Nirmala entropy: Let 𝜔(𝑠𝑡) =
√𝑑𝐺(𝑠)⋅𝑑𝐺(𝑡)

√𝑑𝐺(𝑠)+𝑑𝐺(𝑡)
. Then, from the definition 

of the second inverse Nirmala index as given in Equation (4), we have,  

 ∑𝑠𝑡∈𝐸(𝐺) 𝜔(𝑠𝑡) = ∑𝑠𝑡∈𝐸(𝐺)
√𝑑𝐺(𝑠)⋅𝑑𝐺(𝑡)

√𝑑𝐺(𝑠)+𝑑𝐺(𝑡)
= 𝐼𝑁2(𝐺)  

Hence, using equation (7), the second inverse Nirmala entropy of a graph 𝐺 is given by  

𝐸𝑁𝑇𝐼𝑁2
(𝐺) = 𝑙𝑜𝑔(𝐼𝑁2(𝐺)) −

1

𝐼𝑁2(𝐺)
∑𝑠𝑡∈𝐸(𝐺)

√𝑑𝐺(𝑠)⋅𝑑𝐺(𝑡)

√𝑑𝐺(𝑠)+𝑑𝐺(𝑡)
× 𝑙𝑜𝑔 (

√𝑑𝐺(𝑠)⋅𝑑𝐺(𝑡)

√𝑑𝐺(𝑠)+𝑑𝐺(𝑡)
)

 (10) 

1.5. Motivation and research gap. 

Extensive research has been carried out on the properties and applications of titanium 

dioxide nanoparticles. The review [12] compiles and analyzes the latest data on the safety of 

TiO2 nanoparticles when used in food additives and sunscreen products. Currently, 

international authorities have not provided specific guidelines for the comprehensive 

assessment of TiO2 nanoparticles in these products.  
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To address this gap, Nirmala-based topological indices of TiO2 have been used by 

utilizing [13]. These findings could significantly influence the future use of titanium dioxide 

in food and sunscreen formulations. 

2. Results and Discussion 

In this section, we present generalized formulas for computing the Nirmala index and 

the first and second inverse Nirmala indices for TiO2 using its M-polynomial. Further, we 

expand the process of finding information entropy measures using the Shannon method. When 

we refer to TiO2, we mean [𝛼 × 𝛽] cell of TiO2, unless otherwise specified. 

Let 𝐺 be the molecular graph of the titanium dioxide TiO2. Then the order and size of 

𝐺 are 4𝛼 + 2𝛽 + 7𝛼𝛽 + 2 and 12𝛼𝛽 + 2𝛼, respectively. The vertex set and edge set partitions 

of 𝐺 are given in Tables 2 and 3, respectively. 

Table 2. Vertex set partition of 𝐺 according to the degrees of each vertex. 

Sl. No Vertex set 𝒅𝑮(𝒓) Number of repetitions 

1 𝑉1 1 2𝛽 + 6 

2 𝑉2 2 8𝛼 + 2𝛽 − 6 

3 𝑉3 3 6𝛼𝛽 − 4𝛼 − 2𝛽 + 2 

4 𝑉4 4 𝛼𝛽 

Table 3. Edge set partition of 𝐺 according to the degrees of end vertices of an edge. 

Sl. No Edge set (𝒅𝑮(𝒓), 𝒅𝑮(𝒔)) Number of repetitions 

1 𝐸1 (1,2) 4 

2 𝐸2 (1,3) 2𝛽 + 2 

3 𝐸3 (2,2) 4𝛼 − 4 

4 𝐸4 (2,3) 4𝛼 + 4𝛽 − 8 

5 𝐸5 (2,6) 4𝛼 

6 𝐸6 (3,3) 6𝛼𝛽 − 6𝛼 − 6𝛽 + 6 

7 𝐸7 (3,6) 6𝛼𝛽 − 4𝛼 

2.1. Nirmala indices of titanium dioxide TiO2 

We now find the M-polynomial of TiO2 as follows.  

Theorem 1 Let 𝐺 be the molecular graph of the titanium dioxide TiO2. Then the M-

polynomial of 𝐺 is  

𝑀(𝐺; 𝑥, 𝑦) = 4𝑥𝑦2 + (2𝛽 + 2)𝑥𝑦3 + (4𝛼 − 4)𝑥2𝑦2 + (4𝛼 + 4𝛽 − 8)𝑥2𝑦3 +

4𝛼𝑥2𝑦6 + (6𝛼𝛽 − 6𝛼 − 6𝛽 + 6)𝑥3𝑦3 + (6𝛼𝛽 − 4𝛼)𝑥3𝑦6      

Proof. The proof follows from Definition 1.1 and Table 3.  

Now, we evaluate the Nirmala indices of TiO2 with the help of its M-polynomial.  

Theorem 2 Let 𝐺 be the molecular graph of the titanium dioxide TiO2. Then the Nirmala 

indices of 𝐺 are: 

𝑎.   𝑁(𝐺) = (6√6 + 18)𝛼𝛽 + (4√5 + 4√8 − 6√6 − 4))𝛼 + (4 + 4√5 − 6√6)𝛽 +

(4√3 − 4 − 8√5 + 6√6),  

b. 𝐼𝑁1(𝐺) = (2√6 + 3√2)𝛼𝛽 + (4 + 4√
5

6
+ 4√

2

3
− 2√6 − 2√2)𝛼 + (

4

√3
+ 4√

5

6
−

2√6)𝛽 + 4√6 +
4

√3
− 4 − 8√

5

6
,  

c. 𝐼𝑁2(𝐺) = (3√6 + 6√2)𝛼𝛽 + (4 + 4√
6

5
+ 4√

3

2
− 3√6 − 4√2 − 3√6)𝛼 + (√3 +

4√
6

5
− 3√6)𝛽 + 4√

2

3
+ √3 − 4 − 8√

6

5
+ 3√6.  
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Proof. Let 𝐺 be the molecular graph of the titanium dioxide TiO2. From Theorem 1, the 

M-polynomial of 𝐺 is given by  

𝑀(𝐺; 𝑥, 𝑦) = 4𝑥𝑦2 + (2𝛽 + 2)𝑥𝑦3 + (4𝛼 − 4)𝑥2𝑦2 + (4𝛼 + 4𝛽 − 8)𝑥2𝑦3 +

4𝛼𝑥2𝑦6 + (6𝛼𝛽 − 6𝛼 − 6𝛽 + 6)𝑥3𝑦3 + (6𝛼𝛽 − 4𝛼)𝑥3𝑦6. From Table 1, we have  

i. 𝐷𝑥

1

2𝐽(𝑀(𝐺; 𝑥, 𝑦)) = 𝐷𝑥

1

2[4𝑥𝑦2 + (2𝛽 + 2)𝑥𝑦3 + (4𝛼 − 4)𝑥2𝑦2 + (4𝛼 + 4𝛽 −

8)𝑥2𝑦3 + 4𝛼𝑥2𝑦6] 

+𝐷𝑥

1
2𝐽[(6𝛼𝛽 − 6𝛼 − 6𝛽 + 6)𝑥3𝑦3 + (6𝛼𝛽 − 4𝛼)𝑥3𝑦6] 

               = 𝐷𝑥

1
2[4𝑥3 + (2𝛽 + 2)𝑥4 + (4𝛼 − 4)𝑥4 + (4𝛼 + 4𝛽 − 8)𝑥5 + 4𝛼𝑥8]

+ 𝐷𝑥

1
2[(6𝛼𝛽 − 6𝛼 − 6𝛽 + 6)𝑥6 + (6𝛼𝛽 − 4𝛼)𝑥9] 

                      = 4√3𝑥3 + 2(2𝛽 + 2)𝑥4 + 2(4𝛼 − 4)𝑥4 + √5(4𝛼 + 4𝛽 − 8)𝑥5 +

4√8𝛼𝑥8 +                                          √6(6𝛼𝛽 − 6𝛼 − 6𝛽 + 6)𝑥6 + 3(6𝛼𝛽 − 4𝛼)𝑥9. 

ii. 𝐷𝑥

1

2𝐽𝑆𝑦

1

2𝑆𝑥

1

2(𝑀(𝐺; 𝑥, 𝑦)) = 𝐷𝑥

1

2𝐽𝑆𝑦

1

2𝑆𝑥

1

2[4𝑥𝑦2 + (2𝛽 + 2)𝑥𝑦3 + (4𝛼 − 4)𝑥2𝑦2 + (4𝛼 +

4𝛽 − 8)𝑥2𝑦3 +                                                 4𝛼𝑥2𝑦6] +𝐷𝑥

1

2𝐽𝑆𝑦

1

2𝑆𝑥

1

2[(6𝛼𝛽 − 6𝛼 − 6𝛽 +

6)𝑥3𝑦3 + (6𝛼𝛽 − 4𝛼)𝑥3𝑦6] 

                                                

= 𝐷𝑥

1
2𝐽𝑆𝑦

1
2 [4𝑥𝑦2 + (2𝛽 + 2)𝑥𝑦3 +

1

√2
(4𝛼 − 4)𝑥2𝑦2 +

1

√2
(4𝛼 + 4𝛽

− 8)𝑥2𝑦3 +
4

√2
𝑥2𝑦6]

+ 𝐷𝑥

1
2𝐽𝑆𝑦

1
2 [

1

√3
(6𝛼𝛽 − 6𝛼 − 6𝛽 + 6)𝑥3𝑦3 + (

1

√3
(6𝛼𝛽 − 4𝛼)𝑥3𝑦6] 

                   = 𝐷𝑥

1

2𝐽 [
4

√2
𝑥𝑦2 +

1

√3
(2𝛽 + 2)𝑥𝑦3 +

1

2
(4𝛼 − 4)𝑥2𝑦2 +

1

√6
(4𝛼 + 4𝛽 −

8)𝑥2𝑦3 +                                               
4

√12
𝛼𝑥2𝑦6] +𝐷𝑥

1

2𝐽 [
1

3
(6𝛼𝛽 − 6𝛼 − 6𝛽 + 6)𝑥3𝑦3 +

1

√18
(6𝛼𝛽 − 4𝛼)𝑥3𝑦6] 

                                    

= 𝐷𝑥

1
2 [2√2𝑥3 +

1

√3
(2𝛽 + 2)𝑥4 +

1

2
(4𝛼 − 4)𝑥4 +

1

√6
(4𝛼 + 4𝛽 − 8)𝑥5

+
2

√3
𝛼𝑥8] 

+𝐷𝑥

1
2 [

1

3
(6𝛼𝛽 − 6𝛼 − 6𝛽 + 6)𝑥6 +

1

√18
(6𝛼𝛽 − 4𝛼)𝑥9] 

= 2√6𝑥3 + 2
1

√3
(2𝛽 + 2)𝑥4 + (4𝛼 − 4)𝑥4 +

√5

√6
(4𝛼 + 4𝛽 − 8)𝑥5 + 4

√2

√3
𝛼𝑥8 +

√6

3
(6𝛼𝛽 −                     6𝛼 − 6𝛽 + 6)𝑥6 +

1

√2
(6𝛼𝛽 − 4𝛼)𝑥9.  

iii. 𝑆𝑥

1

2𝐽𝐷𝑦

1

2𝐷𝑥

1

2(𝑀(𝐺; 𝑥, 𝑦)) = 𝑆𝑥

1

2𝐽𝐷𝑦

1

2𝐷𝑥

1

2[4𝑥𝑦2 + (2𝛽 + 2)𝑥𝑦3 + (4𝛼 − 4)𝑥2𝑦2 +

(4𝛼 + 4𝛽 − 8)𝑥2𝑦3] 
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                                         +𝑆𝑥

1
2𝐽𝐷𝑦

1
2𝐷𝑥

1
2[4𝛼𝑥2𝑦6 + (6𝛼𝛽 − 6𝛼 − 6𝛽 + 6)𝑥3𝑦3 + (6𝛼𝛽

− 4𝛼)𝑥3𝑦6] 

                         = 𝑆𝑥

1

2𝐽𝐷𝑦

1

2[4𝑥𝑦2 + (2𝛽 + 2)𝑥𝑦3 + √2(4𝛼 − 4)𝑥2𝑦2 + √2(4𝛼 + 4𝛽 −

8)𝑥2𝑦3]  

                        +𝑆𝑥

1

2𝐽𝐷𝑦

1

2[4√2𝛼𝑥2𝑦6 + √3(6𝛼𝛽 − 6𝛼 − 6𝛽 + 6)𝑥3𝑦3 + √3(6𝛼𝛽 −

4𝛼)𝑥3𝑦6]  

                      = 𝑆𝑥

1

2𝐽[4√2𝑥𝑦2 + √3(2𝛽 + 2)𝑥𝑦3 + 2(4𝛼 − 4)𝑥2𝑦2 + √6(4𝛼 + 4𝛽 −

8)𝑥2𝑦3]  

                       +𝑆𝑥

1

2𝐽[4√12𝛼𝑥2𝑦6 + 3(6𝛼𝛽 − 6𝛼 − 6𝛽 + 6)𝑥3𝑦3 + √18(6𝛼𝛽 −

4𝛼)𝑥3𝑦6]  

                        = 𝑆𝑥

1
2[4√2𝑥3 + √3(2𝛽 + 2)𝑥4 + 2(4𝛼 − 4)𝑥4 + √6(4𝛼 + 4𝛽 − 8)𝑥5

+ 4√12𝛼𝑥8] 

+𝑆𝑥

1
2[3(6𝛼𝛽 − 6𝛼 − 6𝛽 + 6)𝑥6 + √18(6𝛼𝛽 − 4𝛼)𝑥9] 

                 = 4
√2

√3
𝑥3 +

√3

2
(2𝛽 + 2)𝑥4 + (4𝛼 − 4)𝑥4 +

√6

√5
(4𝛼 + 4𝛽 − 8)𝑥5 +

4
√12

√8
𝛼𝑥8 +                                    

3

√6
(6𝛼𝛽 − 6𝛼 − 6𝛽 + 6)𝑥6 +

√18

3
(6𝛼𝛽 − 4𝛼)𝑥9.  

Hence, the Nirmala indices of 𝐺 are given by  

(𝑎)𝑁(𝐺) = 𝐷𝑥

1
2𝐽(𝑀(𝐺; 𝑥, 𝑦))|𝑥=1 

      = (6√6 + 18)𝛼𝛽 + (4√5 + 4√8 − 6√6 − 4)𝛼 + (4 + 4√5 − 6√6)𝛽 + 4√3 − 4 − 8√5

+ 6√6. 

(𝑏)𝐼𝑁1(𝐺) = 𝐷𝑥

1
2𝐽𝑆𝑦

1
2𝑆𝑥

1
2(𝑀(𝐺; 𝑥, 𝑦))|𝑥=1 

= (2√6 + 3√2)𝛼𝛽 + (4 + 4
√5

√6
+ 4

√2

√3
− 2√6 − 2√2) 𝛼 + (

4

√3
+ 4

√5

√6
− 2√6) 𝛽 

                    +4√6 +
4

√3
− 4 − 8

√5

√6
. 

(𝑐)𝐼𝑁2(𝐺) = 𝑆𝑥

1
2𝐽𝐷𝑦

1
2𝐷𝑥

1
2(𝑀(𝐺; 𝑥, 𝑦))|𝑥=1 

      = (3√6 + 6√2)𝛼𝛽 + (4 + 4
√6

√5
+ 4

√3

√2
− 3√6 − 4√2 − 3√6) 𝛼

+ (√3 + 4
√6

√5
− 3√6) 𝛽 +  4

√2

√3
+ √3 − 4 − 8

√6

√5
+ 3√6. 

2.2. Entropy measures of TiO2. 

We proceed with the computation of graph entropy metrics for the titanium dioxide 

𝑇𝑖𝑂2. Initially, we assess the degree-based graph entropy expression. Subsequently, we 

determine the mathematical formulations for entropy measures based on Nirmala indices using 

the previously derived expressions of the Nirmala indices.  

Degree-based entropy of TiO2: 
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From Equation (7) and Table 2, we have  

𝐸𝑁𝑇𝜔(𝐺) = 𝑙𝑜𝑔(2𝑞) −
1

2𝑞
∑

𝑝

𝑖=1

𝑑𝐺(𝑠𝑖)𝑙𝑜𝑔(𝑑𝐺(𝑠𝑖)) 

 = 𝑙𝑜𝑔(2(12𝛼𝛽 + 2𝛼)) −
1

2(12𝛼𝛽+2𝛼)
× [∑𝑠∈𝑉1(𝐺) 𝑑𝐺(𝑠)𝑙𝑜𝑔(𝑑𝐺(𝑠)) +

                               ∑𝑠∈𝑉2(𝐺) 𝑑𝐺(𝑠)𝑙𝑜𝑔(𝑑𝐺(𝑠)) + ∑𝑠∈𝑉3(𝐺) 𝑑𝐺(𝑠)𝑙𝑜𝑔(𝑑𝐺(𝑠))] 

 = 𝑙𝑜𝑔(2(12𝛼𝛽 + 2𝛼)) −
1

2(12𝛼𝛽+2𝛼)
 

 × [1 ⋅ (2𝛽 + 6) ⋅ 𝑙𝑜𝑔(1) + 2 ⋅ (8𝛼 + 2𝛽 − 6) ⋅ 𝑙𝑜𝑔(2)] 

 +[3 ⋅ (6𝛼𝛽 − 4𝛼 − 2𝛽 + 2) ⋅ 𝑙𝑜𝑔(3) + 6 ⋅ 𝛼𝛽 ⋅ 𝑙𝑜𝑔(6)] 

                      = 𝑙𝑜𝑔(24𝛼𝛽 + 4𝛼) − 𝑙𝑜𝑔(2)
16𝛼 + 4𝛽 − 12

24𝛼𝛽 + 4𝛼
+ 𝑙𝑜𝑔(3)

18𝛼𝛽 − 12𝛼 − 6𝛽 + 6

24𝛼𝛽 + 4𝛼

+ 𝑙𝑜𝑔(6)
6𝛼𝛽

24𝛼𝛽 + 4𝛼
. 

Nirmala entropy of TiO2: From Theorem 2, the Nirmala index of 𝐺 is given by: 

𝑁(𝐺) = (6√6 + 18)𝛼𝛽 + (4√5 + 4√8 − 6√6 − 4)𝛼 + (4 + 4√5 − 6√6)𝛽 + 4√3 − 4

− 8√5 + 6√6. 

 From Table 3 and Equation (8), we have  

𝐸𝑁𝑇𝑁(𝐺) = 𝑙𝑜𝑔(𝑁(𝐺)) −
1

𝑁(𝐺)
∑

𝑠𝑡∈𝐸(𝐺)

√𝑑𝐺(𝑠) + 𝑑𝐺(𝑡) × 𝑙𝑜𝑔(√𝑑𝐺(𝑠) + 𝑑𝐺(𝑡)) 

= 𝑙𝑜𝑔(𝑁(𝐺)) −
1

𝑁(𝐺)
[∑

4

𝑖=1

∑

𝑠𝑡∈𝐸𝑖(𝐺)

√𝑑𝐺(𝑠) + 𝑑𝐺(𝑡) × 𝑙𝑜𝑔(√𝑑𝐺(𝑠) + 𝑑𝐺(𝑡))] 

= 𝑙𝑜𝑔(𝑁(𝐺)) −
1

𝑁(𝐺)
([4√3 ⋅ 𝑙𝑜𝑔(√3) + 32(𝛽 + 1)(𝛼 − 1) ⋅ 𝑙𝑜𝑔(2) + 4√5 ⋅ (𝛼 +

𝛽 − 2) ⋅ 𝑙𝑜𝑔(√5)] −
1

𝑁(𝐺)
[4√8𝛼 ⋅ 𝑙𝑜𝑔(√8) + 6√6(𝛼𝛽 − 𝛼 − 𝛽 + 1) ⋅ 𝑙𝑜𝑔(√6) + 6(3𝛼𝛽 −

2𝛼) ⋅ 𝑙𝑜𝑔(3)] 

Finally, we get the desired formulation of the Nirmala entropy for TiO2 by substituting 

the value of 𝑁(𝐺) into the previous expression.  

First inverse Nirmala entropy of TiO2: From Theorem 2, the first inverse Nirmala index 

𝐺 is given by  

𝐼𝑁1(𝐺) = (2√6 + 3√2)𝛼𝛽 + (4 + 4
√5

√6
+ 4

√2

√3
− 2√6 − 2√2) 𝛼 + (

4

√3
+ 4

√5

√6
− 2√6) 𝛽 

 +4√6 +
4

√3
− 4 − 8

√5

√6
. 

From Table 3 and Equation (9), we have  

𝐸𝑁𝑇𝐼𝑁1
(𝐺) = 𝑙𝑜𝑔(𝐼𝑁1(𝐺)) −

1

𝐼𝑁1(𝐺)
∑

𝑠𝑡∈𝐸(𝐺)

√
1

𝑑𝐺(𝑠)
+

1

𝑑𝐺(𝑡)
× 𝑙𝑜𝑔 (√

1

𝑑𝐺(𝑠)
+

1

𝑑𝐺(𝑡)
) 

= 𝑙𝑜𝑔(𝐼𝑁1(𝐺)) −
1

𝐼𝑁1(𝐺)
[∑

4

𝑖=1

∑

𝑠𝑡∈𝐸𝑖(𝐺)

√
1

𝑑𝐺(𝑠)
+

1

𝑑𝐺(𝑡)
× 𝑙𝑜𝑔 (√

1

𝑑𝐺(𝑠)
+

1

𝑑𝐺(𝑡)
)] 

https://doi.org/10.33263/Materials72.019
https://materials.international/


https://doi.org/10.33263/Materials72.019  

 https://materials.international/  10 of 17 

 

= 𝑙𝑜𝑔(𝐼𝑁1(𝐺))

−
1

𝐼𝑁1(𝐺)
[4

√3

√2
⋅ 𝑙𝑜𝑔(

√3

√2
) +

4

√3
(𝛽 + 1) ⋅ 𝑙𝑜𝑔(

2

√3
) +

√5

√6
(4𝛼 + 4𝛽 − 8)

⋅ 𝑙𝑜𝑔
√5

√6
] 

−
1

𝐼𝑁1(𝐺)
[4

√2

√3
𝛼 ⋅ 𝑙𝑜𝑔(

√2

√3
) +

√2

√3
(6𝛼𝛽 − 6𝛼 − 6𝛽 + 6) ⋅ 𝑙𝑜𝑔(

√2

√3
) +

1

√2
(6𝛼𝛽 − 4𝛼)

⋅ 𝑙𝑜𝑔 (
1

√2
)]. 

Finally, by substituting the value of 𝐼𝑁1(𝐺) into the preceding expression, we obtain 

the desired formulation of the first inverse Nirmala entropy for TiO2. 

Second inverse Nirmala entropy of TiO2: From Theorem 2, the second inverse Nirmala 

index 𝐺 is given by  

𝐼𝑁2(Υ) = (3√6 + 6√2)𝛼𝛽 + (4 + 4
√6

√5
+ 4

√3

√2
− 3√6 − 4√2 − 3√6)𝛼 + (√3 +

4
√6

√5
− 3√6) 𝛽 +                    4

√2

√3
− √3 − 4 − 8

√6

√5
+ 3√6. 

From Table 3 and Equation (10), we have  

𝐸𝑁𝑇𝐼𝑁2
(𝐺) = 𝑙𝑜𝑔(𝐼𝑁2(𝐺)) −

1

𝐼𝑁2(𝐺)
∑

𝑠𝑡∈𝐸(𝐺)

√𝑑𝐺(𝑠) ⋅ 𝑑𝐺(𝑡)

√𝑑𝐺(𝑠) + 𝑑𝐺(𝑡)
× 𝑙𝑜𝑔 (

√𝑑𝐺(𝑠) ⋅ 𝑑𝐺(𝑡)

√𝑑𝐺(𝑠) + 𝑑𝐺(𝑡)
) 

      = 𝑙𝑜𝑔(𝐼𝑁2(𝐺)) −
1

𝐼𝑁2(𝐺)
[∑4

𝑖=1 ∑𝑠𝑡∈𝐸𝑖(𝐺)
√𝑑𝐺(𝑠)⋅𝑑𝐺(𝑡)

√𝑑𝐺(𝑠)+𝑑𝐺(𝑡)
× 𝑙𝑜𝑔 (

√𝑑𝐺(𝑠)⋅𝑑𝐺(𝑡)

√𝑑𝐺(𝑠)+𝑑𝐺(𝑡)
)] 

      = 𝑙𝑜𝑔(𝐼𝑁2(𝐺)) −
1

𝐼𝑁2(𝐺)
[4

√2

√3
⋅ 𝑙𝑜𝑔(

√2

√3
) + (√3(𝛽 + 1) ⋅ 𝑙𝑜𝑔(

√3

2
)] 

 −
1

𝐼𝑁2(𝐺)
[

√6

√5
(4𝛼 + 4𝛽 − 8) ⋅ 𝑙𝑜𝑔(

√6

√5
) + 4

√3

√2
𝛼 ⋅ 𝑙𝑜𝑔(

√3

√2
)] 

 −
1

𝐼𝑁2(𝐺)
[

√3

√2
(6𝛼𝛽 − 6𝛼 − 6𝛽 + 6) ⋅ 𝑙𝑜𝑔(

√3

√2
) + √2(6𝛼𝛽 − 4𝛼) ⋅ 𝑙𝑜𝑔(√2)]. 

The second inverse Nirmala entropy for TiO2 can finally be expressed as desired by 

changing the value of 𝐼𝑁2(𝐺) in the previous expression.  

3. Comparison Through Numerical and Graphical Demonstrations 

Many scientific fields, such as computer science, information theory, chemistry, 

biological medicine, and pharmacology, extensively use graph entropy metrics. As such, to 

properly describe these molecular descriptors, scientists working in these domains rely on 

numerical computation and graphical representation. This section uses 2D line graphs and 

numerical computation to compare the Nirmala indices and the accompanying entropy 

measures. 

Table 4 shows the results of the numerical computation of the Nirmala indices and 

corresponding entropy measures for TiO2, where 1 ≤ 𝛼 ≤ 25 and 1 ≤ 𝛽 ≤ 25, provided that 

𝛼 = 𝛽. Furthermore, Figure 1 compares the Nirmala indices and relevant entropy measures 

using 2D line plots for 2 ≤ 𝛼, 𝛽 ≤ 25 with 𝛼 = 𝛽.  
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Table 4. Results of the numerical calculation of the Nirmala indices and corresponding entropy measures for the 

titanium dioxide 𝑇𝑖𝑂2, where 1 ≤ 𝛼 ≤ 25,1 ≤ 𝛽 ≤ 25 with 𝛼 = 𝛽. 

[𝜶, 𝜷] N 𝑰𝑵𝟏 𝑰𝑵𝟐 𝑬𝑵𝑻𝑵 𝑬𝑵𝑻𝑰𝑵𝟏
 𝑬𝑵𝑻𝑰𝑵𝟐

 

[1,1] 32.2419 14.1979 7.1090 2.6139 2.6175 1.8469 

[2,2] 130.14 45.874 46.302 3.9350 3.9330 3.6039 

[3,3] 293.43 95.8348 117.163 4.7234 4.7218 4.5121 

[4,4] 522.12 164.078 219.692 5.2874 5.2864 5.1324 

[5,5] 816.20 250.604 353.888 5.7267 5.7263 5.60 

[6,6] 1175.67 355.414 519.75 6.0867 6.0867 5.9861 

[7,7] 1600.54 478.507 717.28 6.3917 6.3920 6.3062 

[8,8] 2090.8 619.883 946.48 6.6563 6.6568 6.5821 

[9,9] 2646.4 779.543 1207.34 6.8899 6.8906 6.8244 

[10,10] 3267.5 957.486 1499.88 7.0991 7.0999 7.0405 

[11,11] 3953.9 1153.71 1824.08 7.2884 7.2894 7.2355 

[12,12] 4705.7 1368.22 2179.95 7.4614 7.4625 7.4131 

[13,13] 5523.02 1601.01 2567.48 7.6205 7.6218 7.5763 

[14,14] 6405.6 1852.08 2986.69 7.7680 7.7693 7.7271 

[15,15] 7353.6 2121.44 3437.56 7.9053 7.9067 7.8674 

[16,16] 8367.08 2409.09 3920.10 8.0338 8.0352 7.9984 

[17,17] 9445.89 2715.01 4434.30 8.1545 8.1560 8.1214 

[18,18] 10590 3039.22 4980.18 8.2684 8.2699 8.2373 

[19,19] 11799 3381.71 5557.72 8.3761 8.3777 8.3468 

[20,20] 13074 3742.49 6166.92 8.4783 8.4800 8.4506 

[21,21] 14415 4121.55 6807.80 8.5755 8.5772 8.5493 

[22,22] 15820 4518.89 7480.34 8.6683 8.6700 8.6433 

[23,23] 17292 4934.51 8184.56 8.7569 8.7587 8.7332 

[24,24] 18828 5368.42 8920.43 8.8418 8.8436 8.8191 

[25,25] 20430 5820.6 9687.9 8.9232 8.9250 8.9016 

 

(a) 
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(b) 

Figure 1. Comparison of the Nirmala indices (a) and their associated entropy measures (b) of TiO2 through a 

2D line plot for 2 ≤ 𝛼 ≤ 25,2 ≤ 𝛽 ≤ 25 with 𝛼 = 𝛽. 

 

The following are the observations from Table 4 and Figure 1.  

Observation 1: The entropy values increase with the dimension of the titanium dioxide 

TiO2, which confirms that they are directly proportional to each other.  

Observation 2: For the molecular graph 𝐺 of titanium dioxide TiO2, the following 

inequality relationships are possible:  

(i) 𝐼𝑁2(𝐺) < 𝐼𝑁1(𝐺) < 𝑁(𝐺) for 𝛼 = 𝛽 = 1; 𝐼𝑁1(𝐺) < 𝐼𝑁2(𝐺) < 𝑁(𝐺) for 2 ≤ 𝛼 ≤

25, 2 ≤ 𝛽 ≤ 25 with 𝛼 = 𝛽.   

(ii) 𝐸𝑁𝑇𝐼𝑁2
(𝐺) <  𝐸𝑁𝑇𝐼𝑁1

(𝐺);  𝐸𝑁𝑇𝐼𝑁2
(𝐺) < 𝐸𝑁𝑇𝑁(𝐺) for 1 ≤ 𝛼 ≤ 25,1 ≤ 𝛽 ≤ 25 

with 𝛼 = 𝛽. 

(iii) 𝐸𝑁𝑇𝑁(𝐺) ≈ 𝐸𝑁𝑇𝐼𝑁1
(𝐺) for 1 ≤ 𝛼 ≤ 25,1 ≤ 𝛽 ≤ 25 with 𝛼 = 𝛽. 

4. The Logarithmic Regression Model 

To investigate the relationship between the dependent variable and one or more 

predictor variables in our dataset, we used logarithmic regression analysis. This nonlinear 

regression technique modifies the dependent or predictor variables using logarithmic functions.  

A logarithmic regression model has the following equation: 𝑦 = 𝑎 ∗ 𝑙𝑜𝑔(𝑥) + 𝑏, where 

𝑥 is the predictor variable, and 𝑦 is the response variable. The regression coefficients 𝑎 and 𝑏 

represent the relationship between 𝑥 and 𝑦. In this analysis, we perform logarithmic regression 

to investigate the relationship between the Nirmala indices and entropy measures of titanium 

dioxide for 1 ≤ 𝛼, 𝛽 ≤ 25 with 𝛼 = 𝛽. The statistical measures used in this investigation 

include the squared correlation coefficient (𝑅2), the sum of squared errors (SSE), the adjusted 

squared correlation coefficient (Adj. R-sq), and the root mean square error (RMSE). A low 

RMSE value (closer to 0) indicates efficient model performance, while a high 𝑅2 value (closer 
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to 1) suggests that the regression line fits the data well. Our primary objective in this situation 

is to achieve a higher 𝑅2 value.  

The statistics for the curve fitting of the Nirmala indices versus Nirmala entropy 

measures for titanium dioxide, using logarithmic regression, are presented in Table 5. 

Table 5. Statistics of curve fitting of the Nirmala indices vs. Nirmala of titanium dioxide. 

Model 𝑹𝟐 SSE Adj. R-sq RMSE 

𝐸𝑁𝑇𝑁 = 0.9837 ∗ 𝑙𝑜𝑔(𝑁) − 0.8523 0.9999 0.0004636 0.9999 0.0141 

𝐸𝑁𝑇𝐼𝑁1
= 1.0358 ∗ 𝑙𝑜𝑔(𝐼𝑁1) − 0.0282 0.9997 0.0195 0.9996 0.02918 

𝐸𝑁𝑇𝐼𝑁2
= 0.9853 ∗ 𝑙𝑜𝑔(𝐼𝑁2) − 0.1569 0.9998 0.0090 0.9998 0.0197 

 

  

(a)   

 

 
(b) 
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                                                                                             (c) 

Figure 2. Curve fitting plots for: (a) Nirmala index and its corresponding entropy measure, (b) First inverse 

Nirmala index and its corresponding entropy measure, (c) Second inverse Nirmala index and its 

corresponding entropy measure of TiO2. 

5. Discussion 

Topological indices, which quantify molecular structures, help in studying molecular 

properties and the behavior of chemical and biological systems. Accurate calculation of these 

numerical indices provides researchers with valuable insights into the systems under 

investigation. In this work, we study the so-called Nirmala indices, which are degree-based 

topological indices of titanium dioxide. The Nirmala indices and corresponding entropy 

measures of titanium dioxide increase as 𝛼 and 𝛽 increase, according to Table 4 and Figure 1.  

Entropy measures quantify the uncertainty in a dataset and help determine its 

complexity and distribution. They are widely used in fields such as information theory, 

thermodynamics, and data analysis. Accurate computations of numerical entropy provide 

researchers with essential information that enhances their comprehension of the network under 

study. This validates our attention on the vertex and edge weight entropy of TiO2. Table 4 and 

Figure 1 show that the entropy measures of the titanium dioxide TiO2 increase as 𝛼 and 𝛽 

increase. The social sciences, biology, and economics all use logarithmic regression, a type of 

non-linear regression, to make predictions and account for data that doesn’t follow a straight 

line. Table 5 shows the statistical parameters, such as the squared correlation coefficient (𝑅2), 

the sum of square errors (SSE), and the root mean square errors (RMSE). If 𝑅2 is higher (nearer 

to 1), it means that the regression line fits the data better.  

From Figure 2, we can see that the Nirmala indices and the corresponding entropy 

measure values for TiO2 also look good and fit the curve. 

6. Conclusion 

The definitions of the Nirmala indices and the entropy measures based on them have 

been used in this research work. The Nirmala indices of the titanium dioxide TiO2 have been 

mathematically formulated. Its M-polynomial has been used to analyze the Nirmala indices-

based entropy measures. Additionally, the Nirmala indices and related entropy measures have 

been numerically computed and shown in a 2D line plot, and we have compared them using 
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2D line plots. The Nirmala indices and associated entropy measures of titanium dioxide TiO2 

increase as the values of 𝛼 and 𝛽 increase, according to Table 4 and Figure 1.  

For the molecular graph 𝐺 of the titanium dioxide, we have the following inequality 

relationships:  

(i) 𝐼𝑁2(𝐺) < 𝐼𝑁1(𝐺) < 𝑁(𝐺) for 𝛼 = 𝛽 = 1; 𝐼𝑁1(𝐺) < 𝐼𝑁2(𝐺) < 𝑁(𝐺) for 2 ≤ 𝛼 ≤

25, 2 ≤ 𝛽 ≤ 25 with 𝛼 = 𝛽.   

(ii) 𝐸𝑁𝑇𝐼𝑁2
(𝐺) <  𝐸𝑁𝑇𝐼𝑁1

(𝐺);  𝐸𝑁𝑇𝐼𝑁2
(𝐺) < 𝐸𝑁𝑇𝑁(𝐺) for 1 ≤ 𝛼 ≤ 25,1 ≤ 𝛽 ≤ 25 

with 𝛼 = 𝛽. 

(iii) 𝐸𝑁𝑇𝑁(𝐺) ≈ 𝐸𝑁𝑇𝐼𝑁1
(𝐺) for 1 ≤ 𝛼 ≤ 25,1 ≤ 𝛽 ≤ 25 with 𝛼 = 𝛽. 

Although some research claims that TiO2 nanoparticles cause no harm to people by 

consumption or skin contact, strong data show their toxicity in animal models. . Moreover, for 

the thorough characterization of TiO2 nanoparticles in food and cosmetic items, international 

authorities do not have any formal, consistent policies. These discoveries could depend 

critically on the future use of TiO2 as a food additive or sunscreen component. These findings 

may provide valuable insights for future advancements in the use of TiO2 as a food additive or 

sunscreen compound. 
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