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Abstract: This research article primarily explores mixed convection involving a Casson fluid as it flows
over a horizontally moving plate. To tackle this, the study initiates by converting the partial differential
equations (PDEs) that delineate fluid flow and the accompanying convective boundary conditions into
ordinary differential equations (ODESs). This conversion is achieved by applying a dimensionless
similarity transformation (ST) and utilizing the one-parameter continuous group method. Subsequently,
the acquired ODEs are systematically solved using a combination of the finite difference method and a
specialized 'dsolve' technique based on Richardson extrapolation. This innovative approach enhances
the precision and efficiency of ODE solutions. The paper extensively investigates how several features,
together with the properties of the Casson fluid and other applicable parameters, influence the flow
variables. These discoveries are visually depicted through graphical representations, offering a lucid
and insightful comprehension of the intricacies of this mixed convection scenario.

Keywords: Casson fluid; convective boundary conditions; mixed convection; horizontal plate;
chemical reaction.
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1. Introduction

Fluids are a unique type of matter that can flow and undergo distortion when external
force is applied. Different fluids exist, such as ideal, real, Newtonian, non-Newtonian, and ideal
plastic fluids. Various fluids found in both biotechnological and manufacturing frameworks,
some of them are ceramics, paints, blood, liquid detergents, polymers, lubricating greases,
gypsum pastes, multi-grade oils, printer inks, diverge from the typical viscosity which obeys
Newton's law, such fluids are called non-Newtonian fluids. Owing to their exhaustive benefits
in various fields, budding researchers are studying and investigating the attributes of non-
Newtonian fluids.

Uma et al. [1] investigated solute transfer in their problem, considering that the
stretching surface deviated exponentially. Al-Kouz and Owhaib [2] studied the 3-D flow
considering Casson nanofluid stretched linearly, taking a flat surface with a rotating frame. In
another study, Animasaun et al. [3] examined Casson fluid and the movement of an
incompressible laminar flow over a surface by considering the surface stretched exponentially
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with free convective MHD. They considered the special effects of flexible dynamic viscosity,
thermal conductivity, and exponentially decaying heat generation internally. The study was
conducted using an approximate analytical homotopy analysis method.

Bilal et al. [4] used the integral transform technique to investigate the Casson fluid over
inclined isothermal considering riga surface in the presence of chemically reactive species with
radiation effect. In another study, Mahanthesh et al. [5] explored the movement of magneto-
Casson nanofluid owed to the surface gradient subjected to the Cattaneo—Christov heat flux
law taking disk surface. Fan et al. [6] numerically analyzed heat and mass transfer of
continuous moving plates by adopting transformation group theory by taking horizontal
surfaces with mixed convective. They solved the similarity equations obtained using the 4"-
order Runge-Kutta method. Khashi’ie et al. [7] studied heat transfer on a moving plate in the
presence of MHD hybrid nanoparticles with Joule heating by considering Cu-Al203/H20 and
horizontal geometry. They obtained two solutions when the plate moved opposite the free
stream flow. Rohni et al. [8] conducted a theoretical investigation for the steady 2-D boundary—
layer flow past a moving plate in the presence of different nanoparticles in water. Pramanik [9]
investigated the boundary layer flow of the Casson fluid with the combined effect of suction
and blowing over a sheet stretched exponentially. Khan et al. [10] considered mixed convection
with variable concentration reactant and variable concentration along with chemical reaction
with higher order in the flow of the Newtonian fluid. Sushma et al. [11] conducted a numerical
analysis of the impact of fluctuating thickness, chemical reaction, and magnetic field on a sheet
stretched in the context of Casson fluid. Shaw et al. [12] investigated Casson fluid flow in
permeable convective boundary conditions taking horizontal plates. Sulochana and Poornima
[13] examined the change of unsteady Casson fluid flow subjected to Lorentz force along a
vertical plate, considering the presence of Hall current. They analytically solved the
transformed nonlinear ODEs using the perturbation technique. Khan et al. [14] reviewed the
effect of heat emission and thermal generation in the Casson fluid flow through a permeable
medium and over the stretching sheet, employing the homotopy analysis method.

Pulsatile flows are encountered in diverse engineering, physiological, and industrial
contexts. To connect these applications to real-world scenarios, Thamaraikannan et al. [15] and
Kumar et al. [16] investigated the dynamics of unsteady pulsating flow involving Casson
nanofluid through a porous channel, employing the perturbation technique. Srinivas et al. [17]
investigated the effects of thermal radiation and chemical reaction in the heat and mass transfer
of the pulsating flow of Casson fluid in a porous channel in the presence of an applied magnetic
field. Sushma et al. [18] looked into the effects of triple diffusion on MHD Casson fluid flow
through a vertical wall using numerical methods and convective boundary conditions.

Alwawi et al. [19] investigated the heat transfer characteristics of a Casson nanofluid
in carboxymethyl, cellulose-water solution (CMC-water) around a solid sphere under mixed
convection with the influence of a variable-strength magnetic field. Several numerical studies
on Casson fluid in the presence of nanoparticles and multi-walled carbon nanotubes have been
conducted previously [20-22]. The results obtained indicate that the presence of nanoparticles
enhances heat transfer.

According to El-Zahar et al. [23], non-Newtonian nanofluids have improved thermal
properties due to the presence of nanoparticles. Due to its diverse applications across various
disciplines, the researchers employed theoretical analysis to investigate the magneto-flow
characteristics of Casson hybrid nanofluid on a continuously moving/fixed surface under
substantial suction.
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A numerical investigation was conducted by Atashafrooz [24] to examine the impact
of buoyancy forces on mixed convection heat transfer when nanofluids are present. The
investigation utilized the finite volume method. The study also analyzed entropy generation
effects within an inclined duct. Lone et al. [25] work investigates incompressible
magnetohydrodynamic flow in the laminar, steady, for a non-Newtonian Casson fluid past a
stratified extending sheet, incorporating various factors such as thermophoresis, heat source,
bio-convection, Brownian motion, thermal radiation, and chemically reactive activation
energy. Priyanka et al. [26] have observed that the Forchheimer parameter has a repellent effect
on liquid motion, leading to a decrease in velocity magnitude within the boundary layer.
Simultaneously, in the thermal boundary layer, there is an augmentation in the thermal profile.
Vishalakshi et al. [27] offer a solution to stretching sheet issues by utilizing the Appell
hypergeometric form. Additionally, the investigation delves into the impact of a time relaxation
parameter.

In response to the rising demand for non-Newtonian nanofluid applications in industry
and engineering, the research papers [28-30] focus on the flow of Casson nanofluid over a
nonlinear stretching surface with accompanying effects. The advantages of the Casson
nanofluid become evident, particularly in cooling and friction reduction applications,
surpassing the performance of nanofluids based on Newtonian principles. The applications of
nanofluids in heat and mass transfer are diverse and widespread, encompassing various fields
of science and engineering. Researchers [31-35] have explored the behavior of nanofluids,
particularly those involving Casson or Casson nanofluids, on stretching sheets. These studies
contribute to understanding how these unique fluid systems impact heat and mass transfer
processes, offering insights applicable to fields such as thermal management in electronics,
renewable energy systems, and various industrial processes. The investigation of stretching
sheets in the presence of Casson or Casson nanofluid provides valuable knowledge for
optimizing heat transfer performance and enhancing the efficiency of these applications.

Many studies in the literature survey overlooked the consideration of the boundary
conditions and effects over a horizontally moving plate. To fill this knowledge gap, exploring
the laminar flow of an incompressible viscous Casson fluid under mixed convective boundary
conditions over a horizontally moving plate influenced by non-uniform plate velocity is
essential.

2. Materials and Methods

Nomenclature

ab,de Group parameter
a* Velocity slip parameter
c Concentration (Kg)
Co Ambient concentration (Kg)
Crx Local Skin friction coefficient
Cw Concentration at the lower plate (Kg)
D Diffusion coefficient (m? s~1)
fam Non dimensional velocity
g gravitational acceleration (m? s=2)
Grp, Gre Thermal and Solutal Grashof number
hg Constant
hy(x) Heat transfer coefficient (W /m?K)
a Thermal diffusivity (m? s—1)
B Casson parameter
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ab,de Group parameter
Be Volumetric concentration coefficient (Kg~1)
Br Volumetric thermal coefficient (K1)
(AC), Constant
(AT), Constant
y Convective heat transfer parameter
ko Reaction rate constant
k Thermal conductivity (W /mK)
K Reaction rate parameter (Ms™1)
L Length(m)
A Thermal buoyancy parameter
Ay Concentration buoyancy parameter
Nu, Local Nusselt number
n Reaction order
v Kinematic viscosity (m? s=1)
P Pressure (Kg/ms?)
() Non dimensional concentration
Qw Wall heat flux (Wm~2)
p Density( Kgm™3)
P Stream function
T Temperature (K)
T » Ambient temperature (K)
Ty (x) Hot fluid temperature (K)
T Wall shear stress (Nm~2)
6(m) Non dimensional temperature
u Velocity component in x direction (ms~1)
Uy Constant
U(x) Non-uniform velocity (ms=1)
vy Constant (ms™1)
v Velocity component y direction (ms™—1)
Uy (X) Velocity normal to plate (ms~1)
X,y Cartesian coordinates (m)
ACRONYM
ODE Ordinary differential equation
PDE Partial differential equations
ST Similarity transformation

The present investigation depicts the laminar flow of an incompressible viscous fluid
with mixed convective boundary conditions over a horizontal plate. The flow is triggered due
to the horizontal motion of the plate with a non-uniform velocity U(x). The lower plate is heated
through convection and is hot with the temperature Tr(x) furnishing heat transfer coefficient
h¢(x) with concentration C,, (x).

T, ,C, represent the ambient temperature and ambient concentration of the fluid,
respectively, as shown in Figure(1).
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Figure 1. Flow geometry.

On the application of boundary layer approximation, the governing flow takes the form

mentioned below. In the energy equation, the viscous dissipation term is neglected [19-23].
The governing equations are:

6u
Bx 6y =0 (1)
ou ou 19P 1\ 9%u
u$+175————+ (1+E)6_yz (2)
d
715 +9(T = Te)Br + g(C = Co0)c = 0 (3)
or _ 2T
+ y E 4)
+ D — — ko(C — Co)™ 5)
Boundary condltlons.
Aty =0:
aT
u=UWx),v= O,—ka = hf(x)[Tf(x) - Too], Cc=¢C,(x) (6)
Aty — oo:
u—>o,g—;—>0,T—>Too,c—>coo (7

Now introduce the stream function, dimensionless variables for temperature and
concentration, 1, 8, and @, respectively as:
oy _ 0, T-Tyo ¢ = £Co ®)

u=_—— ’ v = ’ - ’
oy dx Tr—Teo Cw—Coo

On substitution of Eq. (8) in Egs. (1)- (5) by eliminating the pressure gradient, the set
of equations so obtained are as follows:

4 3 3
v(1+—)f’—"’—a—¢ S+ e 9B o (8AT) — gy o (PAC) =0 (9)

g/ oay* 9y axdy? = 9x 9y3
(HAT) +282 5 (6AT) — "—‘”i(mr) =0 (10)
D—(CIJAC) +2% a"’ ) 7> (PAC) - al” = (PAC) — Ko(PAC)" = 0 (11)
On substrtutrng Eq. (8), the boundary condltlons in Egs. (6) and (7) become:
At y = 0
Lov@. E=05=-L2[1-06(0)] (12)
Aty - oo
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‘;‘yp ~0,2250,6-0,0-0 (13)

2.1. Solution procedure.

Following the procedure followed by Fan et al. [6] and Khan et al. [10] to derive
dimensionless transformations, we obtained the following transformations based on the
applications of group theory. To convert Egs. (9)-(11) to dimensionless form, we use the
following dimensionless transformations:

n=vRe2 ()" w=vRe () F.0 =60, ® = o). AT = (41, (%)’

L

AC = (AC), (Z) U= U, (Z)e, vy = (2 ) he(x) = ho (2 )a.
Here:

2n—2 5-3n 3—-n
= b=""d=,e= (14)
7-5n 7-5n 7-5n

By plugging Eq. (14) in Egs. (9)-(11) we get the following set of ODEs:

(14+5) ) + (2) FanF™ a0 = (352) £/@)f "G = 20 [ (22) m6' () +
(7 Sn) 9(77)] /12 [(7 Sn) @’ (77) + (7 Sn) d)(n)] =0 (15)
0" + (=) Fen o' — (525) £/ oG = 0 (16)
cb"“’) +(Z2) rane'en - (=) f/eG) — ko™ =0 (17)
Boundary conditions in Eq. (12) and (13) on using Eq. (14) become:
f(0)=0,f(0) =1,6(0) = —y[1 - 6(0)], ®(0) =1,
f'(0) = f () = 6() = d(x) =0 (18)
Where:
Przi,Sczg,Rez%, y—l;:zo G T—MC(:—ZT)OLg,GrC:MC(:—ZC)OLz',
b = ot By = g K = 0 )

In the previous equatlons, Pr — Prandtl number, Sc = Schmidt number, 1,1, =
thermal and concentration buoyancy parameter, Re — Reynolds number, y — Convective heat
transfer parameter, Grr, Gr — thermal and solutal Grashof number, K — chemical reaction
parameter.

Below are the definitions of the empirical quantities of interest in the present study: the
local skin friction coefficient, the local Nusselt number, and the local Sherwood number.

2.2. Local Skin friction coefficient.

Cex = _W , Where 7, = u (Z—;)yzo
() 6= -2 (20)

2.3. Local Nusselt number.
Nu, = kA = where q,, = k (ay)

(f)_(aﬂ) Nu, = —/Re 6'(0) (21)

L
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2.4. Local Sherwood number.

Sh, = —;chw, where m,, = D (Z—;) )
Y=
—(a+1)
(%) Sh, = —VRe ®'(0) (22)

3. Results and Discussion

Numerical solutions were obtained for the system of ODEs (15)-(17) with the
application of STs (Eq. (14)), which were derived from a one-parameter continuous group
method. The finite difference method and the Richardson extrapolation-based dsolve routine
were used to solve the system. The effects of various parameters are discussed below. The
parameters' range is carefully selected to ensure visibility of velocity, temperature, and
concentration profile variations. Additionally, the physical significance of parameters is taken
into account.

3.1. Effect on the velocity field.

Here, we discuss the effects of different parameters like the Chemical Reaction rate
parameter, K; thermal buoyancy parameters, 4,; concentration buoyancy parameters, 1,; and
Casson parameter, § ; on the velocity field by fixing the other parameters as constants.

Graphically, on examining Figure 2, it is observed that an overshooting of the velocity
profile exists with respect to the moving horizontal plate.

w6 i

14

SN : K=0.1,B=0.1,5c=03,

A =0.L,y=1,Pr=7

141y Syt - Solig Lines =1+
/ A\ : Dash Lines:n=3:

£'0n)

n
(©) (d)
Figure 2. (a,b) Graphs of velocity profiles for various K, A, values; (c,d) graphs of velocity profiles for
various 4,, 8 values.

Figure 2(a) depicts the effects of the chemical reaction parameter for order n = 1 and
n = 3 on the velocity profile. It is observed that when K increases, velocity boundary layer
thickness decreases. From Figure 2(b) and 2(c) it is clear that as 1, and A, increase the velocity
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profiles over the horizontal plate increases. In addition, there exists an overshooting for varying
values of A, near the boundary.

In Figure 2(d), initially, an increase in velocity profile near the boundary with the
increase in B is observed later, and there exists a revert effect. This is because fluid becomes
more viscous, which in turn reduces the fluid motion.

3.2. Effect on the temperature field.

Here, non-dimensional temperature 6 (n) for different values of the key parameters A,,
Ay, Pr, B, Sc, y are plotted in Figure 3.

1 H

K=1,$=0.7,85c=0.1, K=01,=0.1,5¢=0.3,

0.9+
084 i\
0.7
0.6
Sosio
0.4+
0.3
024

0.1+

E=1.p=0.7,Sc=3,

I E=1,5¢=01,Pr=1
A =0LA=0Ly=1 [°

11:1.,12:1,7:_1

n n
(e) ()
Figure 3. (a,b) Graphs of temperature profiles for various A;, A, values; (c,d) Graphs of temperature profiles
for various Pr, 3 values; (e,f) Graphs of temperature profiles for various Sc, y values.

Figures 3a and 3b show that boundary layer thickness becomes thinner and thinner with
the increase in A, and A, for the chemical reaction of order n=3. Further, when the chemical
reaction is of order n = 1, there is a sharp reduction in temperature near the boundary followed
by a decrease in boundary layer thickness with increasing values of A; and A,. This is due to
an increasing buoyancy effect, which accelerates fluid flow and enhances convective heat
transfer near the boundary layer.
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The temperature profile shown in Figure 3c exhibits a reduction as the Prandtl number
increases, resulting in a decrease in the thickness of the boundary layer. This phenomenon is
attributed to the Prandtl number representing the ratio of momentum diffusivity to thermal
diffusivity. Thus, lower values of the Prandtl number facilitate the rapid diffusion of heat.

Figure 3d depicts a decrease in temperature profile with the increase in § whenn = 3.
A very slight variation is observed whenn = 1.

Figure 3e depicts an increase in temperature profile with the increase in Sc. An increase
in Sc lowers the flow velocity and causes an increase in the temperature profile, as Sc
corresponds to the ratio of kinematic viscosity to the mass diffusivity.

Figure 3f portrays an increase in the temperature profile with the increase in y forn =
1, and no variation exists in the temperature profile with the increase in y for n = 3.

From Figures 3a, 3b, and 3e, it can be noted that temperature fields are less responsive
in comparison with the velocity field to changes in parameters like A,, 4,.

3.3. Effect on the concentration field.
Here, non-dimensional temperature ¢ (n) for different values of the parameters, namely

A1, A, B, K, Sc are plotted in Figure 4.

1=

: : : K=0.1,B=0.1,Sc=0.3, : : : K=01,p=0.1,5¢=03,
0.94; EAR Pr=7,2,=0.1,y=1 : : : A =0Ly=1,Pr=7

0.844 i Solig Linest n==1+ie
\ Dash Linesi:n=3

(@)

] : ([ K=1.8=07,5c=01,Pr=7
CIRIE S A -LA -1yt 0.9+

i+ SoligLinesin="1"i" 0.8+
Dash Lines::n=3 \

n
()
Figure 4. (a,b) Graphs of concentration profiles for various A,, A, values; (c,d) Graphs of concentration
profiles for various 3, K values; (e) Graphs of concentration profiles for various Sc values.
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Figure 4a depicts a decrease in concentration profile with an increase in 4;.

It can be observed from Figure 4b that as A, increases, the solutal boundary layer
decreases. Further, it is noted that the concentration field is found to be less open to changes in
A, compared to 4,.

From Figures 4c, 4d, and 4e, the thickness of the solutal boundary layer decreases in
proportion to the increase in 8, K, Sc parameters.

From the figures, it can be observed that the concentration field is more sensitive to
changes in Sc than to any other parameter being investigated.

3.4. Skin friction coefficients.

Surface plots are plotted to analyze the effect of parameters S, K, A, 45, Sc on skin
friction.

From the surface plot, Figure 5a, it can be observed that an increase in buoyancy
parameters A, and A, results in a decrease in the skin friction factor. As a result, the boundary
layer flow is accelerated because of the decrease in friction near the wall.

From the surface plot Figure 5b, it is clear that the —f"(0) decreases for smaller values
of K and Sc. As a result, the flow increases in the boundary layer.

From the surface plot Figure 5c, it is clear that the —f"(0) decreases with the decrease
in K and 3.

0.14-
0.12—
0.10—
£0.08—
&
0.06—]
0.04—

0.02—

Figure 5. Surface plots of skin friction coefficient.

3.5. Nusselt number or heat flux.

Surface plots (Figure 6) are plotted to analyze the effect of parameters 1,,4,,Sc, K on
heat flux. It is observed that heat transfer is more when 1,, 1,, Sc, K are high.
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Figure 6. Surface plots of Nusselt number.

3.6. Sherwood number.

Surface plots (Figure 7) are plotted to analyze the effect of parameters 1,,4,,Sc, K on
Sherwood number. —¢’(0) increases with the increase in 4,,4,,Sc and K.

Figure 7. Surface plots of Sherwood number.

In Table 1, multiple regression estimations for the local Nusselt number, local
Sherwood number, and local skin friction are calculated using 100 sets of values of 1; and A,
which ranges from 0.1 to 1. Though linear fit is essential for all empirical problems, we fit the
quadratic regression formula for better precision.

Table 1. Correlations for Nu,g; Sheg:and Cf,; as a function of 1, 4,.

Type | Model | Adjusted R?
Correlations for Nugg;
Linear 0.046342720 A, + 0.1450756 A, + 1.3230317 0.9994
Quadratic 1.2668 + 0.05431; + 0.24492, — 0.0066A;1, — 0.00051,% — 0.0442),> 1.0000

Correlations for Shg;
Linear —0.0002282497, — 0.00468027 A, + 0.316588 0.9974
0.3168 — 0.00032; — 0.0057A, + 0.0001A,2, + 0.00097\22

Quadratic 1.0000

Correlations for Cf,;
Linear —0.011523914 A, — 0.13376614 A, + 0.15770620 0.9994
0.1607 — 0.0121A; — 0.14792, + 0.0009A;A, + 0.0124),2

1.0000

Quadratic

4. Conclusions

Fluids, with diverse types like ideal and real fluids, Newtonian and non-Newtonian
fluids, exhibit unique behaviors, and certain ones, such as lubricating greases, polymers, and
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blood, defy classical Newton's law of viscosity. Researchers actively pursue the exploration of
non-Newtonian fluids due to their wide-ranging applications and benefits across different
fields. Hence, the present study focuses on the mixed convection flow of Casson fluid over a
horizontally moving plate. The major outcomes of this investigation are summarized below:

The momentum boundary upsurges along with an overshooting in velocity profile with
respect to the moving horizontal plate.

Momentum boundary layer thickness increases as the parameters A;,1, increase.
Conversely, the reverse nature is observed in the solutal and thermal boundary layers.

Momentum boundary layer thickness becomes thinner with the increase in 8 and K.

An increase in Pr and S reduces the solutal layer thickness, whereas the reverse nature
is observed for the parameters Sc and y.

Concentration profiles decrease with the increase in § and K.

Anincrease in 8, K, and Sc results in a 47.3%, 10%, and over 100% increase in the skin
friction coefficient, respectively. Simultaneously, the acceleration of the boundary layer flow
experiences a 15% increase for A; and over 100% for A,.

Heat transfer is increased by 1% and 3% for the change of 4, and 4, respectively, while
K contributes to a 5% enhancement in the same.

Linear regression model for the Nusselt number shows that an increase in A;and 4,
upsurges the Nu, whereas decreases the Cf,.

The same is portrayed in the surface plots of the heat transfer factor and skin friction
coefficient.
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