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Abstract: In theoretical chemistry, distance, degree, and counting-related topological indices are
introduced to study the properties of molecular topology; among these, degree-based topological indices
are the most significant for their chemical properties. In this paper, we compute the general Randi¢
index R, (G) for different values of «, the first Zagreb index, the hyper Zagreb index, atom-bond
connectivity (ABC) index, geometric arithmetic (GA) index, multiple Zagreb indices, the fourth ABC
index and the fifth GA index for the two-dimensional lattice of Cu— BHS nanocrystal structure.
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1. Introduction

All graphs considered in this paper are simple, connected, and undirected. Let G = (V,
E) be a graph with vertex set V(G) and edge set E(G). For an edge uv, we call u and v the end
vertices of uv. For any vertex, u of G, Nc(u) denotes the set of neighbors that u has in G. The
set Ng(u) is called the open neighborhood of u, and Ng[u] = Ng(u) w {u} is called the closed
neighborhood of u in G. The degree of a vertex u of G, denoted &(u), is given by &(u) = [Nc(u)|.

Chemical systems may be depicted by chemical graphs using the atoms as the vertices
of the graph and the molecular bonds as the edges. A special class of chemical graphs is
molecular graphs that represent molecule’s constitutions [1]. The topological index is a
numerical parameter measured based on a chemical constitution's molecular graph. There are
many distance or degree or counting related topological indices. Among these, degree-based
topological indices are recognized as useful chemical research tools. One can refer to the
articles [2—-17] for a recent study on topological indices.

One of the oldest degree-based topological indices is the Randi¢ index which was
introduced by Milan Randi¢ and defined [18] as follows:

1
R 1(G) =
2 1,11,265(0)«/ 8(v1) X 8(vy)

The general Randi¢ index R, (G) is defined [19] as
1 -1
Re(@) = D (B x8@)%a=17,-1,

2 2
V1V, EE(G)
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The first Zagreb index is a degree-based topological index that Gutman and Trinajstic
introduced and defined [20] as follows:

M@= Y [+,
V1V,€E(G)
The hyper Zagreb index is defined [21] as
HM@) = ) [5() +5(w,))
V1V,€E(G)
An important degree-based topological index is the ABC index introduced by Estrada
et al. in [22] and defined as follows:

) + 4 -2
e = Y j () 000~
1B (6) (v1) (v,
Vukicevi¢ and Furtula [23] defined the GA index as

2,/6(v1) X 8(vy)
6(v1) +6(vz)

GA(G) =
V1V,€E(G)
Ghorbani and Azimi defined [24] the first and second multiple Zagreb indices as

P@ = || Be0+sw)

v1V2€E(G)

P = || 1800 x 6@y
V1V2€E(G)
Ghorbani et al. [25] introduced the fourth version of the ABC index and defined it as
follows:

Sy, + Sy, =2

ABC,(G) = T
V1 (%]

V1V2 EE(G)

whereS, = Y  §(vy).

V2ENG(V1)
Graovac et al. [26] proposed the fifth version of the GA index and defined it as

2,/S, XS
Gase) = » omow

U1U2€E(G) (Svl + sz)

In this paper, we compute formulas of R, (G) for different values of o, M1(G), HM(G),
ABC(G), GA(G), PM1(G), PM2(G), ABC4(G) and GAs(G) for the two-dimensional lattice of Cu
— BHS nanocrystal structures.

2. The Two Dimensional Lattice of Cu—- BHS

In recent times designing new architectures from the perspective of chem-informatics
has gained importance among researchers. In particular, two-dimensional nanocrystals have
received great research interest. Krishnan et al. [27] have designed an architecture based on the
bismuth molecule. Recently Imran et al. [28] computed certain topological indices for the
bismuth tri-iodide chain and sheet graph. In this section, we compute certain topological indices
of the graph of the two-dimensional lattice of Cu — BHS nanocrystal structures.
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(i)
Figure 1. (i) One unit of Bils (ii) One unit of Cu — BHS.

Two-dimensional nanocrystals are crystalline materials that have one dimension
(usually their thickness) on the nanometre scale. The nanocrystals of copper bis(diselenolene)
(Cu — BHS) are synthesized via a simple homogeneous reaction between cupric ions and
benzenehexaselenol (HeBHS). It is made up of carbon, copper, and selenium ions [29].

The graph of a single unit of Cu — BHS can be obtained from the graph of a single unit
of bismuth tri-iodide Bils by adding the edges (x;, x;+1), (x;,¥;), 1 <i <6, and then deleting
the edges (x;,z;), (x;i+1,2;), 1 <1 <6. Itis assumed that x, = x;. Figure 1 (i) depicts the graph
of one unit of Bils, and (ii) depicts the graph of one unit of Cu — BHS.

The unit cells of Cu — BHS can be arranged either linearly or in a sheet form. A linear
arrangement with m unit cells is called an m-Cu — BHS chain (Figure 2); mn unit cells arranged
into m rows and n columns are called an m x n-Cu — BHS sheet (Figure 3).

Theorem 2.1 Let G be m x n-Cu — BHS nanosheet. Then the number of vertices and edges of
Gare 15mn + 8m + 8n — 1 and 24mn + 8m + 8n — 4.

Figure 2. A 3-Cu — BHS chain.
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Figure 3. A 3 x 3-Cu — BHS sheet.

Itis clear that G has 4m + 4n + 4 vertices of degree 1, 2m + 2n — 4 vertices of degree
2, 12mn vertices of degree 3, and 3mn + 2m + 2n — 1 vertices of degree 4.

Table 1. Number of edges in each set of the partition.

(65,,8,,) where v,v, € E(G) | Number of edges
1, 4) idm+4n+4

(2, 4) 4m+4n—8

(3, 3) 12mn

3, 4) 12mn

We now compute the general Randi¢ index R, (G) for different values of .

Theorem 2.2 Let G be m x n- Cu— BHS. Then

R,(G) =

(252mn + 48m + 48n — 48, a = 1;

123 +VIZymn+ (1 +V2)m+ (1 +V2n+8(1-8), a = =;
<§mn+%m+%n, a = -1 Proof.
A+VIDmn+ 2 +V2m+ Q2 +VDn+2(1-V2), a = —.

\

Consider graph G. Defineaset E;;(G) c E(G) as E;;(G) = {vyv, € E(G): 6(v1) = ,6(v,) =
j}. Thenitis clear that E(G) = E14(G) U E54(G) U E33(G) U E34(G) where

E14(G) = {viv; € E(G):6(v1) = 1,8(v,) = 4}

E24(G) = {v1v; € E(G):6(v1) = 2,6(v,) = 4}

E33(G) = {v1v; € E(G):6(v1) = 3,6(v,) = 3}

E34(G) = {v1v; € E(G):6(v1) = 3,6(v,) = 4}

By definition of the Randi¢ index R, (G) for a = 1,%, -1, _71 and using the values from

Table 1, we get
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Ri@= ) [8(w)x5(w))
v1V,€E(G)
= > BE)xs@+ ) (6 x8(w)] +
V1V2€E14(G) V1V2€E24(G)
) BEIXeIl+ Y (8w X 8(w,)]
v1V2€E33(G) v1V2€E34(G)
= 4|E14(G)| + 8|E24(G)] + 9|E33(G)| + 12|E34(G)|
=4(4dm+4n+4)+8(4m+4n—8) +9(12mn) + 12(12mn)
= 252mn + 48m + 48n — 48.

B = ) 5 xsw)

V1 V,€E(G)

= z Vo) X 8(v,) + 2 VE(v1) X 8(vz) +

V1V2€E14(G) V1V2€E24(G)

+ Z V() x 8(vy) + 2 V(1) X 6(vy)

v1V2€E33(G) V1V2€E34(G)
= V4|E14(G)| + V8|E24(G)| + VI|E33(G)| + V12|E34(G)|
= 2(4m + 4n + 4) +V8(4m + 4n — 8) + 3(12mn) + V12(12mn)
=123+ V12)mn+ (1 +V2)m+ (1 +vV2)n + 8(1 — V8).

1
Ra®= ) 5ay%ewD

V1V,€E(G)

1 1 1
= Z 3w X 8(vy) Z 5o X 8(vy) | Z 5 X 6(v,)

V1V2€E14(G) V1V2€E24(G) V1V2€E33(G)

1
- a(vl) X 8(v3)

V1V2 €E34(G)

|E14(G)| +3 |E24(G)| +3 |E33(G)| + |E34(G)|

1
—Z(4m+4n+4) +§(4m+4n—8) +§(12mn) +E(12mn)
7 3

=§mn+5m+zn.

1
v, V,€E(G) \/5(171) X 6(vz)
1 N 1
v1V2€E14(G) \/6(171) X 5(v2) V1V2€E24(G) \/5(1]1) X 8(vy)
1 1
+
U1UZEE33(G) \/6(171) X 6(172) V1V2€E34(G) \/6(1]1) X 6(172)

|E34(G)|

R-1(G) =
2

++

1
\/—|E14(G)| + —=E2 (@) + —=E33(6G)| + — Ny

f \/_
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1 1 1 1
=—(4dm+4in+4)+—0U4m+4n—-8)+=(12mn) + — (12mn
S )+ ) +3(12mn) + < (12mn)

=(4+Vi2)mn+ (2 +V2)m+ (2 +V2)n +2(1 —V2).

Theorem 2.3 Let G be m x n- Cu— BHS. Then
1. M;(G) = 156mn + 44m + 44n — 28.
2. HM(G) = 1020mn + 244m + 244n — 188.

Proof. From the definition of the first Zagreb index, hyper Zagreb index, and by using Table
1, we obtain

M@= ) (8w +8wy)]

v1V,€E(G)

= ) B +swI+ ) B+ 6wy

V1V2€E14(G) V1V2€E24(G)
O BE I+ Y [6m) +6(wy)]
v1V2€E33(G) V1V2€E34(G)

= 5|E14(G)| + 6|E24(G)| + 6|E33(G)| + 7|E54(G)|
=5(4m+4n+4)+6(4m+4n—8) + 6(12mn) + 7(12mn)
= 156mn + 44m + 44n — 28.

HM@ = ) [5() +6@)F

V1V2€E(G)

= Z [6(vy) + 8(vp)]* + Z [6(v1) + 8(v2)]? +

V1V2€E14(G) V1V2€E24(G)
[6(v1) +8(v)]* + z [6(v1) + 8(v2)]?
v1V2€E33(G) V1V2€E34(G)

= 52|E14(G)| + 67|E24(G)| + 67|E53(G)| + 77|E54(G))|
=25(dm+4n+4) + 36(4m + 4n — 8) + 36(12mn) + 49(12mn)
=1020mn + 244m + 244n — 188.

Theorem 2.4 Let G be m x n- Cu— BHS. Then
1. ABC(G) = (8 + 2V15)mn + 2(v2 + V3)m + 2(v2 + V3)n + 23 — 42,

2. GA(G) = (84+;}8‘/§) mn + (48+1250\/§) m 4 (48+1250\/§) 04 (48_1450\@).

Proof. By the definition of ABC and GA indices and using the values from Table 1, we get

~ 6(vy) +6(vy) —2
ABC(G) = vlv;?((;) j 5(vy) X 6(vy)
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_ Z 6(v1)+5(v2)—2+ z (v +d0(vy)—2
. §(v1) X 6(v2) o S §(v1) X 6(v2)
S(vy)+d6(wy) —2 S(v)+d6(vy) —2
¥ U1U262533(6)j Sy x8() U1UZEZE34(G)] 5(v) X 8(v;)
4 4 5

(|E14(G)|) + ﬁ(IEu(G)I) + j;(lEss(G)l) + \/;(|E34(G)|)
(4m +4n+4) + f(élm +4n—-8) + f(lZmn) + \/7(12mn)

( 2\/_)mn+2(\/_+\/_)m+2(\/_+\/_)n+2\/_ 4/2.

ST

S w

2,/8(v1) X 6(vy)

O L T 6w
2,/6(v1) X 8(vy) N 2/6(v1) X 8(vy)
A (C I CO R MR (OO RIS
2./8(v;) X 8(vy) 2./8(v) X (1)
T Z o SED+ow) Z WREICOERICN
2vV1
f(lEM(G)D i(IEm(G)I) i(wgg(a)n +£<|E34(G)|)
2\/_ 2+/8 2+/9

=—(4m+4n+4) +—(4m+4n—8) +—(12mn) +£(12mn)

_ (84+47Ls\/_) mn 4+ (4-8+1250\/_)m n (4-8+1250\/_)n n (4-8 1450\/_)'

Theorem 2.5 Let G be m x n- Cu— BHS. Then
1. le (G) — 5(4m+4n+4—) % 6(12mn+4m+4n—8) X 7(12mn).

2. PMZ (G) — 4(4m+4n+4) % 8(4m+4n—8) % 9(12mn) X 12(12mn)_

Proof. By definition of multiple Zagreb indices and using the values from Table 1, we compute
P,y = || 1800 +6w)

V1V,€E(G)
=[] weo+ewax [| Bw)+ow)
V1V2€E14(G) V1V2€E24(G)
x || veo+swax [ oo +sw
v1V2€E33(6) V1V2€E34(G)

= 5lE12(G)| w glE22(G)| % glE33(G)] ¢ 71E34(G)]
— 5(4m+4n+4) % 6(4m+4n—8) X 6(12mn) X 7(12mn)

— 5(4m+4n+4) % 6(12mn+4m+4n—8) % 7(12mn)_
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P = || 160 %60

v1V,€E(G)
=[] weoxswanx [] 6e)xsw
V1V2€E14(G) V1V2€E24(G)
x [ weoyxswx [ 16e)xsw]
v1V2€E33(6) v1V2€E34(G)

= 41E14(G)| % 8lE24(G)| % 9lE33(G)| ¢ 12E34(G)|
— 4(4m+4n+4) % 8(4m+4n—8) X 9(12mn) X 12(12mn).

Table 2. Number of edges in each set of the partition.

(Sy,,Sv,) where v,v, € E(G) | Number of edges

4, 8) 12

4,9) im+4n—8

(8,9) 4m+4n—8

(8, 11) 12

9,9 6mn

(9, 11) 6mn + 8m + 8n — 16
(11, 12) 12mn—-8m —-8n+4

There are seven types of edges based on the degree sum of end vertices of each edge of
G. We define a set Ey(G) € E(G) as Ey,;(G) = {v,v; € E(G):S,, = k,S,, = 1J. Clearly,
E(G) = E43(6) U E45(G) U Ego(G) U Eg11(G) U Eg9(6) U Eg11(6) U Eyy12(G) where

E,g(G) = {v,v, € E(G):S,, =4,5,, = 8}

E,o(G) = {v1v, € E(G):Sy, =4, Sy, =9}

Ego(G) = {v1v, € E(G): Sy, =8,S,, =9}

Eg1,1(G) = {vyv, € E(G):S,, =8,S,, = 11}

Eqo(G) = {v1v, € E(G): Sy, =9,5,, =9}

Eq11(G) = {v1v, € E(G):S,, = 9,5, = 11}

Ei112(G) = {171172 € E(G):S,, =11,S, = 12}_

We use this partition of edges to calculate ABC, and GAs indices in the following
theorem.

Theorem 2.6 Let G be m x n- Cu— BHS. Then

1.ABC,(G) = | 6 +6 18 1 +( 4 +4 21
PR = 99 " mn 132

11 15

—4+8|——8|—

1
+ | 12 -8 -8 17 —16 21
88 132
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8%554_8V774_4V§§ 16v/132
13 17 5 23 )™

2v81 3v99 24132
2.GA5(G)=< \é_+ \/5_+ >3 )mn+
N 8V§€_F8V7§_F4V@§ 16V132
13 17 5 23 "
A5z 16V”_ 16v”_ 24«”‘ 8132
13 17 19 5

Proof. By applying the formula of ABC, and GAs indices, and by using the values from Table

2, we get

S +S -2
U1U2€E V1 V2
_ B 4+8—2+E 4+9—2+E 8+9-2
= Eggl [+ [Easl [ g+ [Basl [
L IE 8+11—2+E 9+9—2+E 9+11-2
LB 11+12-2

=12F%4+@m+4n—@ 972 4 (4m+4n—8)
4X8 4X9

6mn /9+9 2 + (6mn + 8m + 8n — 16) 9;1(1;2 + (12mn — 8m — 8n +

8+11-2
8x11

8+9-2

) 11+12-2
11x12

12 12 amran—e) [Pt amran—8) 2412 2+ emn |12
=12 5o+ (dm+4n—8) |70+ (4m +4n —8) |7 gg " O™ 81
/18 /
+ (6mn+8m+8n—16) [—+ (12mn—8m —8n + 4)
+-6 +12 e My 21
132 | ™" 36 132
(a2, 15, (182
36 72 99 132
(o s 7 8 2
32 36 72 88 99 132 |

25,5,
A(C) = NP
G4s(6) G+ 5,

V1V, €EE

9of 12

https://materials.international/



https://doi.org/10.33263/Materials53.002
https://materials.international/

https://doi.org/10.33263/Materials53.002

. 2VEx3B 2/AX9 2/8%9 2VBx 11
T IE, \/9><9 2\/9><1 2V11 x 12
2V4 X 8 2V4 X9 2V/8 X9
—12<4+8>+(4m+4n—8)<4+9>+(4m+4n—8)< 8+9>
2v8 x 11 2Vv9 %X 9
+12(—— |+ 6mn + (6mn + 8m + 8n
8+ 11 949
2v9 x 11 2V11 x 12
- 16) <9+—11> + (12mn —8m —8n+ 4) <11+—12>
2V/32 2V/36 2V72
—12( w >+(4m+4n 8)< 13 >+(4m+4n—8)< 17>

+12 <@> + 6mn <2\/ﬁ> + (6mn + 8m + 8n — 16) <2\/_>

19 18 20
2v/132
+(12mn—8m—8n+4)< >3 )

2v/81 3vV99 244132 8\/_ 8\/_ 4\/_ 16v132
=<3+5+23 )mn+< )

13 17 5 23
. <8x/%+8\/ﬁ+4x/®_ 16\/@)11
13 17 5 23
16\/_ 16V/72 24+/88 8132
(2\/_ - 13 7 " T19 s )

3. Conclusions

In the present work, certain degree-based topological indices are computed for the
graph of the two-dimensional lattice of the Cu — BHS nanocrystal structure. In addition, the
distance-based topological indices for the graph of the two-dimensional lattice of the Cu— BHS
nanocrystal structure are under investigation.
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